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Preface

A sound knowledge of the elementary aspects of many areas of
mathematics is indispensible to the study of the quantitative
aspects of chemistry. This book presents the mathematics
required for the study of chemistry to honours degree level in
British universities and polytechnics. The material presented
should also be suitable for chemistry majors and first-year
gradioate students in North American universities. It has evolved
from a course of lectures given over the past ten years to
first-year students in Molecular and Biological Sciences at the
University of Warwick.

Students of chemistry have, in general, a more limited
mathematical background than physics or engineering students.
This book does not assume that the student has followed an
A-level or other post-0O-level course in mathematics. Therefore
the calculus is developed from first principles. The approach
is descriptive rather than formal in that the emphasis is on
the application of mathematical techniques rather than on the
proving of theorems. Some results are quoted without proof
where the derivation is more confusing than illuminating.

Wherever possible, mathematical techniques and ideas have
been illustrated with chemical examples. It has often been
necessary to present applications without explaining the
underlying theory; for a full explanation the reader should
consult texts on physical or quantum chemistry such as those
included in the bibliography.

The material presented here should prepare the student for
the study of quantum mechanics and group theory. A chapter on
group theory has not been included because it was felt that
the topic could not be adequately covered in one chapter and
because many excellent texts on group theory in chemistry
are available.

Numerical and statistical methods are becoming increasingly
important in the analysis of experimental data. Introductory
chapters on these topics have been included to give the
student some background before he consults more complete
treatments of these subjects.

Several problems, indicated by '(U.W.)', have appeared in
University of Warwick examinations. The copyright for these
problems is vested in the University of Warwick and the author
is grateful for permission to reproduce them here.

The author is grateful to Dr S. P. Liebmann who read much of
the manuscript and to Mr M. S. Hunt and Professor P. J.
Harrison for reading chapters 13 and 14, respectively.

March 1975 D. M. Hirst






1

Review of Basic Material —
Functions, Inequalities

1.1 FUNCTIONS

The concept of a function is probably familiar to you, but
since this is fundamental to the material to be presented in
this book, it is important that we review the definition.

When we say that y is a function of x, we mean that if we
take some particular value of x, say X;, We can find a

corresponding value Y1 of y. Thus a function is a rule for

associating a number A with each number x

1
X 7y (1.1)
For example, if
y = 2x2 + x + 1 (1.2)

then for x = 1, y = 4 and for x = 2, y = 11. This relation
gives us a method for associating a value y with each value of x.

x is the independent variable because we select a value of x
and then associate with it a value of y, the dependent variable.
In general, we write y = f(x), which means 'y is a function of x
or vy = y(x). x is sometimes called the argument.

We use a function whenever we express some physical
phenomenon in a quantitative manner. For example, when a
substance A decays by first-order kinetics, the concentration
a at time t is given by

A

a=a.e (1.3)

where a, is the initial concentration and k is a constant.

1.1.1 Graphical representation of functions

A convenient representation of a function is a graph, in which
we conventionally have right-angled cartesian co-ordinates
labelled the x—axis (horizontal) and the y-axis (vertical).
The x-axis is sometimes called the abscissa and the y-axis

the ordinate. The axes intersect at the origin 0. Values of

Ys ¥y are calculated for a series of values of x, xi and each



y-axis
———""-——--,P'I(Xi"yi)

} :

)
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0| -——vo Xs — x-axis

Figure 1.1

pair of values is represented by a point P, on the graph
(figure 1.1). X and y; are known as the co-ordinates of the

point Pi and are usually written as (Xi’ yi). The points Pi are

then joined up to give a smooth curve. Clearly, the more points
we plot, the more accurate will be the representation of the
function.

1.1.2 Types of function

(i) The linear function
‘The simplest type of function is the linear function
y=mx +b (1.4)

whose graph is a straight line (figure 1.2). The intercept

on the y-axis is the value of y when x is equal to zero and is
equal to b. Another important concept is the slope of a line.
If we take two points on the line with co-ordinates (xl, yl)
), the slope of the line is defined by

and (x2, Yy
Y, =Y
slope = -—2—-:—;]-' (1.5)
*2 1

and is, in fact, equal to the tangent of the angle 6 between
the line and the x—axis. It clearly doesn't matter where
the points (xl, yl) and (x2, y2) are on the line. The slope

of the straight line y = mx + b is given by

Figure 1.2



(mx, + b) ~ (mx, + b)
2 1
slope = T = m (1.6)
2 1
Thus for y = mx + b, m is the slope and b is the intercept on
the y-axis.

Linear graphs are very important in the analysis of
chemical data because they are characterised by the two
parameters b and m. Also it is easy to see if a set of points
lies on a straight line, whereas it is much more difficult to
decide if a set of points corresponds to a particular curve.
Wherever possible we try to convert a function to a linear
form if we wish to draw a graph. For example, the variation
of equilibrium constant K with temperature T is given by

A

In K = - 5 + C (1.7)

provided that AHC, the heat of reaction, is independent of T.
R is the gas constant and C is a constant. Plotting K against
T would give a curve that would be difficult to analyse.

However, if we plot the logarithm of K, 1n K, against 1/T, we

get a straight line of slope AHO/R from which AH® can be
obtained.

(ii) Quadratic function

A guadratic function has the general form

2
y = ax + bx + ¢ (1.8)

and its graph is a parabola (figure 1.3). We shall define the
slope of a curve in the next chapter. If there are real values
of x for which ax* + bx + ¢ = 0, the curve will intersect

the x~axis at the values of x given by the formula

~btvy b2 -4
x = ____i_azf__éﬁl (1.9)

(iii) Single-valued functions

In the two examples above, there is only one value of ¥, for
each value of Xy and we say that the functions are single
valued. This concept is important in quantum mechanics because

wavefunctions are required to be single valued.

y

Figure 1.3



4
(iv) Many-valued functions
If we can associate several values of y with one value of x,

then the function is many valued. An example of this is y2 =X
for which there are two values of y, +»/x1 and -/xl for each

value of Xy

(v) Regions for which a function is undefined
So far we have assumed that the independent variable x can

. . 2
take any value. However, if we consider y = xl, we see that x

can only have positive values or be zero. For the function

y = “—-E~§~*~— (1.10)
/(x° - 16)
x 1s restricted to being larger than 4 or smaller than -4, as
otherwise we would have the square root of a negative number.
We must also exclude x = +4 for which y is infinite. If a
function is only defined for a certain range of values of x,

this should be specified; for example
y = ———§~§———— X < =4 or >4 (1.11)
V(x© - 16)
(vi) Functions of many variables

In chemistry a quantity frequently depends on two or more
variables. For example, the pressure P of a gas depends on the
volume V, the temperature T and the number of moles n. For an
ideal gas

nRT
P = = (1.12)

where R is the gas constant. In order to define P, we need
values of V, T and n.

(vii) A polynomial

A function such as

- n
2 n i
f(x) = a, + alx + a,Xx + ... + a x =‘£ aix (1.13)

is known as a polynomial of degree n. Such a function is defined
for all values of x and is finite if x is finite.

(viii) Implicit functions

We can rewrite equation 1.12 in the form

v =2§-T- (1.14)

that is, we can write V as an explicit function of n, T and P.
We cannot always do this, as, for example, in the case of the
van der Waals equation of state



VZ

If, in this case, we wish to regard V as a function of P, T
and n, then V is an implicit function of these variables.

2
[P + lﬁ} (V - nb) = nRT (1.15)

(ix) Even and odd functions

A useful classification of functions is into even and odd
functions. An even function of x is one that remains
unchanged when the sign of x is reversed; that is

f(=x) = £(x) (1.16)
whereas an odd function changes sign

f(~-x) = =-£(x) (1.17)

: 2
Examples of even functions are y = x*,. y = cos x (see
section 1.1.3) and these functions are symmetrical about the
y-axis (figure l.4a). y = x and y = sin x are odd functions and
are not symmetrical about the y-axis (figure 1.4b).

Yy
y = %
0 X
{a)
Yy
y =X
0 X
{b)

Figure 1.4

(x) Transcendental functions

Certain functions such as trigonometric, exponential and
logarithmic functions cannot be expressed exactly in terms of
algebraic functions. They are called transcendental functions.
We discuss them in more detail in the following sectionms.



r

Figure 1.5

1.1.3 Trigonometric functions

We shall review briefly some basic ideas about trigonometric
functions. We shall use the radian as a measure of angle. If
an angle B8 subtends a length of arc s of radius r, the angle 6
in radians is given by (figure 1.5)

g =2 (1.18)
y
‘\\ Positive
(x,y) sense
r
N
X
Figure 1.6

Clearly 360° is equivalent to 271 radians and the comversion
factor from degrees to radians is 7/180. If we can define an
angle in a positive sense as in figure 1.6, the three basic
trigonometric functions, sine (sin), cosine (cos) and
tangent (tan) are defined by

=Y

. X
sin 6 = ¥; cos 6 = ¥; tan 6 = % (1.19)

These functions will have different signs in different
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functions or vectors 168
independent variable 1
inequalities 16
inflection, point of 34-6
inhomogeneous second order
differential equations
226-30
for exponential function
227
for polynomial function
227
for sine and cosine
functions 228
inhomogeneous simultaneous
equations, determinantal
solution of 177-81, 187-8
matrix solution of 205-6
integer 153
integral, definite
double 82-6
improper 63-4
indefinite 45
line 110-12
multiple 82-7
particular 60
repeated 83
standard 46-7

61-4



surface 134
triple 84, 86-7
integrand 45
trigonometric 51
integrating factor 106
integrating factor in
differential equations 218
integration, definition of 45
methods of 46-61
numerical 244-9
Gaussian 248
Newton~Cotes formula
248
Simpson's rule 246
trapezoidal rule 245
integration by completing the
square 57
integration by partial
fractions 56-9
integration by parts 52-5
integration by substitution
47-51
algebraic 51, 60
elementary 47-9
trigonometric 49-51
integration of irrational
algebraic fractions 59
integration of rational

algebraic fractions 55-9
intercept 2
interquartile range 263

interval of convergence 145
inverse matrix 203
numerical evaluation of
256
inverse trigonometric functionms,
definitions of 14
derivatives of 31
Gregory's series for
inverse tangent 151
integrals of 53
standard integrals of 47
irrational number 153
Kroenecker delta 169
Laplace transform 226
least squares analysis 267-~73
linear functions 268-72
non-linear functions 272
least squares principle 267
Legendre polynomials 150
Legendre polynomials in

Gaussian quadrature 249
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Legendre transformation 108
limits of integration 61
line integral 110-12
line of regression 270
linear transformation 208
logarithm, common 11
definition of 11
natural 12
logarithmic differentiation 41
logarithmic function, definition
of 11
derivative of 30
integral of 53
Taylor and Maclaurin series
expansions of 150

146-51
for binomial

Maclaurin series
Maclaurin series
expansion 148
Maclaurin series
functions 149
Maclaurin series

for cosine

for

exponential functions 149
Maclaurin series for
logarithmic functions 150

Maclaurin series for sine
functions 149
magnitude of a vector
matrix 194 ff.
complex conjugate of 202
determinant of 200
diagonal of 199
eigenvalues and
eigenvectors of 206
element of 194
equality of 195
Hermitean 202
Hermitean adjoint
inverse 203
linear transformation of
208
multiplication of
by a constant
null 199
orthogonal 205
reflection 210
rotation 210
singular 200
square 199
symmetric
transpose
unit 200
unitary 205
matrix addition

116, 120

202

195-7
195

202
200

194
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matrix algebra 194-7
matrix solution of simultaneous
equations 205

maxima 34-6
Maxwell's relations 110
mean 261

mean deviation 263
mean value of a function 78-82

median 262
minima 34-6
mode 263

modulus of a complex number
155

modulus of a real number 32

moment of a couple 126

moment of a force 125

moment of inertia 75-8

moment of momentum 132

multiple angle formulae 10,
160

multiple integral 82-7

multiplication of complex
numbers 154

multiplication of complex
numbers in Argand diagram
158

multiplication of matrices
195-7

multiplication of matrix by a
constant 195

multiplication of real numbers
153

'nabla' operator 134

Newton's method for solution of
non-linear equations 242-4

noise 259

normal distribution 265

xz—test for 277
normal distribution in sampling
266
normal equations 269
normalisation 168, 170
normalisation of a frequency
distribution 262
null matrix 199
null vector 116
numerical evaluation of a
determinant 256
numerical evaluation of inverse
of a matrix 256
numerical integration 244-9
Gaussian quadrature in 248

Newton-Cotes formulae for
248
Simpson's rule for 246
trapezoidal rule for 245
numerical methods 242 ff.

order of a differential
equation 214
ordinary differential equations
213 ff.
degree of 214

first order 214-20
exact 216
homogeneous 215
linear 218
simple 214
variables separable

214
numerical solution of
249-54

by Euler's method 250
by improved Euler
method- 251
by predictor-corrector
method 253
by Runge-Kutta method
250
by Taylor series
salution 250
order of 214
second order, linear

220-30
homogeneous 221-6
inhomogeneous 226-30
orthogonal functions 166 ff.

orthogonal matrix 205
orthogonal vectors 121, 168
orthonormal functions 169

parabola 3
parallelepiped, volume of 127
parallelogram law for vector
addition 116
partial derivative, definition
of 90-2
geometrical interpretation
of 92
higher 93
partial differentiation 90 ff.
change of variable in
94 ff.
partial fractions 56-9
partial sum of a series 140
particular integral 61



particular solution 214, 221
parts, integration by 52-5
Pauli principle 186
periodic function 170
pivoting 256
point function 132
polar co-ordinates, spherical
101
polar co-ordinates in Argand
diagram 157
polar co—ordinates in two
dimensions 95
polarisability 229
polynomial 4
Legendre 150
population 266
postmultiply 199
potential 69
potential of a dipole in a
field 123
precision 259
predictor—corrector method 253
predictor formula 254
premultiply 199
principle axes 78
principle of least squares 267
probability 80
probability distribution curve
261
probability distribution
function 80
probability in significance
tests 273
probability of an observation
261
product cross 123
derivative of 26
dot 120
scalar 120, 166, 198
of functions 167
triple 126
of vectors in n
dimensions 167
vector 123
triple 128
product of complex numbers 154
product of matrices 195-7
progression, arithmetic 139
geometric 140

quadratic function 3
quadrature 244-9
Gaussian 248
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Newton—~Cotes formulae for
248
Simpson's rule for 246
trapezoidal rule for 245
quotient, derivative of 26
quotient of complex numbers 155

radian 6

radius of convergence 145

range 263

rate of change 23, 33

ratio, common 140

rational number 153

real axis 156

real numbers, algebra of 153

real part of a complex number
154

reduced equation 221

reduced mass 73, 76

reduction formula 54

reflection, matrix
representation of 210

regression, curvilinear 272

line of 270

regression analysis 269

regression coefficient 269

relative frequency 260, 262

remainder in Taylor and
Maclaurin series 146

repeated integral 83

resolution of a vector 118,
168

resultant vector 116

risk 275

roots of complex numbers 160
rotation, matrix representation
of 209
row vector 197
Runge-Kutta method 250-3
fourth order 252
relation of, to Simpson's

rule 253
sample 266
scalar 116

scalar field 132
gradient of 132-4
scalar product 120, 166, 198
scalar product of functions
167
scalar product of n-dimensional
vectors 167
scaling of a matrix or
determinant 256
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Schr8dinger equation 237-40
Schrédinger equation for
hydrogen atom 238
Schrddinger equation for three-
dimensional harmonic
oscillator 237
separation constant
239
series 139 ff.
binomial 148
convergence of
convergent 141
cosine 149
divergent 141
exponential 149
Fourier 169 ff.
Gregory's 151
infinite 141 ff.
Maclaurin 146-51
power 145
simple 139
sine 149
Taylor 146-51
series of alternating terms,
convergence of 143
series of positive terms,
convergence of 142
significance level 273
significance level tests

277

Student's t-
u- 274
simple harmonic motion
Simpson's rule 246
comparison of with
trapezoidal rule 248
relation of to Runge-Kutta
method 253
simultaneous equations, Cramer's
rule for 188
determinantal solution of
177-81
homogeneous
inconsistent 188
inhomogeneous 187
matrix notation of
matrix solution of
numerical solution
secular 189
sine function, definition of 6
derivative of 28
integral of 47
Maclaurin series for
singular matrix 200

235, 238,

140-5

273-8

276

224

188-91

198
205
of 254

149

Slater determinant 185
slope at turning points 34-6
slope of a straight line 2
slope of a curve 23, 34
solid of revolution 69
solution, to differential
equations, general 214
particular 214, 221
solution to non-linear
equations 242-4
specific heats 97
spherical polar co-ordinates
101
use of, in Schr&dinger
equation 238
spherical top 78
square matrix 199
square wave function 170
standard deviation 264
standard error of the mean 266
standard normal distribution
tables 275
statistics 259 ff,
step function 21, 171
straight-line graph 2
string, vibrating 234-7
student's t-test 276
substitution, integration by
47-51
algebraic 51, 60
elementary 47-9
in definite integrals 62
trigonometric 49-51
subtraction of complex numbers
154
subtraction of matrices 195
subtraction of real numbers 153
subtraction of vectors 117
successive first order
reactions, differential
equation for 219
summation by integration 64
surface integral 134
symmetric matrix 202
symmetric top 78

t-test 276
tangent function, definition of
6
derivative of 29
integral of 51
Taylor series 146=~51
Legendre polynomials for
150



logarithmic function for
150
Taylor series in Newton's
method 243
Taylor series in numerical
solution of ordinary
differential equations 250
Taylor series in Simpson's rule
246
test ratio 143
tests for convergence of series
141-5
comparison 142
d'Alembert's ratio 145
tests for convergence of series
of positive terms 142
tests for convergence of series
of alternating sign 143
total differential 103
transcendental function 5
transform, Fourier 174
Laplace 226
transformation, linear 208
transpose of a determinant 182
transpose of a matrix 200
trapezoidal rule 245
comparison of, with
Simpson's rule 248
trigonometric functions,
definitions of 6
differentiation of 28
Maclaurin series expansion
of 149
relationships between 9
standard integrals of 47
use of, in integration
49-51
trigonometric functions in
integrands 51
triple integral 75, 84, 86
triple product, scalar 126
vector 128
trivial solution to linear
equations 189
turning points 34-6
u-test 274
undetermined coefficients in
solution of differential
equations 226
unit matrix 200
unit vector 116
unitary matrix 205
upper triangle determinant 256
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variable, dependent and
independent 1
variance 264
variance of regression
coefficient 270
vector addition 117
vector field 132
curl of 135
divergence of 134
vector operator 132 ff.
vector product 123
vector subtraction 117
vector triple product 128
vectors 116 ff,
column 197
components of 118
coplanarity of 127
derivatives of 129-32
direction cosines 119
magnitude of 116
null 116
products of 120
rélation of, with functions
166
resolution of 118
row 197
unit 116, 118
vectors in n dimensions 166
velocity as a derivative 33
velocity of a vector 130
vibrating string 234

wave equation 234~-7

wavefunction, antisymmetric
186

determinantal form of
185

weight in calculation of mean
80

weight in Fourier expansion
170

weight in Gaussian quadrature
249

weight of observation 268

work done by a force, vector
notation 122

work done by a gas 40

work done by a variable force
68

working mean 262

xn, derivative of 25
integral of 46












